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Forced oscillation of conformable fractional 
partial delay differential equations with impulses 


ABSTRACT. In this paper, we establish some interval oscillation criteria for 
impulsive conformable fractional partial delay differential equations with a 
forced term. The main results will be obtained by employing Riccati tech- 
nique. Our results extend and improve some results reported in the literature 
for the classical differential equations without impulses. An example is pro- 
vided to illustrate the relevance of the new theorems. 


1. Introduction. In recent years, many researchers found that fractional 
differential equations are more accurate in describing the mathematical 
modeling of systems and processes in the field of chemical processes, elec- 
trodynamics of computer medium, polymer rheology, mathematical biology, 
etc. The applications of fractional calculus to biomedical problems are done 
in the areas of membrane biophysics and polymer viscoelasticity, where 
the experimentally observed power law dynamics for current-voltage and 
stress-strain relationships are concisely captured by fractional order differ- 
ential equations. But the most frequently used definitions involve integra- 
tion which is nonlocal: Riemann-Liouville derivative & Caputo derivative 
[5, 9, 13, 22, 27]. Fractional calculus is the study of derivatives and integrals 
of non-integer order and is the generalized form of classical derivatives and 
integrals. Those fractional derivatives in the fractional calculus have seemed 
complicated and lacked some basic properties, like the product rule and the 
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chain rule. But in 2014, Khalil et al. [12] introduced a new fractional deriv- 
ative called the conformable derivative which closely resembles the classical 
derivative. 

In order to describe dynamics of populations subject to abrupt changes 
as well as other phenomena such as harvesting, diseases, and so forth, some 
authors have used impulsive differential systems to describe the models. For 
the basic theory on impulsive differential equations, the reader can refer to 
the monographs and references [2, 16, 17, 20]. The study of the qualitative 
behavior of partial differential equations has rapidly expanded in the last 
few decades, see for example [11, 14, 15, 24, 25, 26, 29, 30, 32] and the 
references they are cited. In particular, the problem of interval oscillation 
criteria for integer and fractional order impulsive differential equations have 
been investigated by few authors, we refer the reader to [3, 4, 19, 28, 31] 
and the references cited therein. 

Recently, the theory of fractional differential equations has been inten- 
sively studied by many authors. For example, we mention to the problem of 
anomalous diffusion [7, 8], the nonlinear oscillation of earthquake which can 
be modeled with fractional derivative [6], and fluid-dynamic traffic model 
with fractional derivatives [10] also can be used to eliminate the deficiency 
arising from the assumption to continuum traffic flow and many other, see 
also [18, 23] and the references they are cited for recent developments in 
the description of anomalous transport by fractional dynamics. Following 
this trend, our aim in this paper is to study oscillation properties of partial 
differential equation of fractional order of the form 


= Fos Saute »)| + Yate t) fi(u(x,t —o)) 


= a(t)Au(e,t) + 3° a;(t)Au(w,t — p;) + F(a, 2), 
j=1 
(1.1) ’ t Æ tk, t> to, 
u(a, tr) Cy (es tk, U(T, tk)), 


ad 


O° o 
gatti) = bk (te, Zulet) k= 1,2, Sara 
(x,t) € Q x Ry =G, 


where Qis a bounded domain in RY with a piecewise smooth boundary 02, 
A is the Laplacian in the Euclidean space RY and R+ = [0, +00), and ee 
denotes the conformable partial fractional derivative of order a, 0< Q < 1. 
Equation (1.1) is the enhancement with the boundary condition 


Ou(2, t) 


(1.2) Oy 


+ p(ax,t)u(z,t)=0 for (x,t) € Q x R+, 
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where y is the outer surface normal vector to Q and u(x,t) E€ C(AQ x 
[0, +00), [0, +00)). 
In this paper, we assume that the following hypotheses are satisfied: 

(Hı) r(t) € C° (R+, (0, +o0)), q(x, t) € C(G, R+), qi(t )= MIN, 6G qi(x ,t), 
i = 1,2,...,n, fi E€ C(R,R) are convex in Ry with uf(u) > 0, 
ufi(u) > 0 and £4 >¢>0, A > k; te ee sn, 
t-o <t, t—p; <t, for 7 = 1, 2, 

(H2) F € C(G,R), g € C(R,R) is convex in PR, with ug(u) > 0, g(u) < i 
for u Æ 0, g7! € C(R,R) is continuous function with ug~!(u 
for u # 0 and there exists a positive constant 7 such that g ne 
ng '(u)g—!(v) for uv Æ 0. 

(H3) a(t), a;(t) € PC (R+,R+), j = 1,2,...,m, where PC represents the 
class of functions which are piecewise continuous in t with disconti- 
nuities of first kind only at t = tk, k =1,2,..., and left continuous 
at t=tp, k=1,2,.-.. 

(H4) u(x,t) and its derivative u(x,t) are piecewise continuous in t 
with discontinuities of first kind only at t = tz, k = 1,2,..., and left 
continuous at t = tp, u(x, tk) = u(x,t, ), uz, te) = us, ty) 
and 0< ty <- < tk <..., IM+ tk = +00. 

(Hs) ak, Bk € PC(Q x Ry x R,R), k = 1,2,..., and there exist positive 
constants ak, a;, bk, b}, such that a; < ay < bf < by for k = 1,2,... 
and 


( 
=ą 


Br (x, tk, us, tk)) 
fru (x, th) 


Qk (x, tk, ulz, tk)) 
u(x, tp) 


(Hs) For any T > 0 there exist intervals [c1, dı] and [c2.d2] contained in 
[T, co) such that cı < dı < dı +0 < c2 < do, C1, dı ¢ {tk}, L= 1,2, 
k =1,2,..., r(t) > 0, q(t) > 0, for t € [c — g, d1] U [co — 0, dg] and 
F(t) has different signs in [cj — ø, dı] and [cg — o, d2]. For instance 
we assume that F(t) < 0 for t € |a — o,d,] and F(t) > 0 for 
t € [c2 — vo, dy]. 


aj, < < ag, by. 


IA 


< bk. 


For simplicity, we denote 


I(s) := max {j : to < tj < s}, rı := max {r(t): t € [ca,d]}, L= 1,2, 
La(s di) = {v € CM cy, di], v(t) £0, v(a) = vd) =0, l= 1,2}. 


For two constants c, d # tk with c < d and a function 4% € C (|c, d], R), we 
define the operator © : C (|c, d], R) > R by 

oliy] = 

=) e S E 1) <1) 


i=I(c)+2 
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where 
Qi — bi 
ailt? z ta) 


as A7(0)41 — bI) a eens 
arcot (tie) =e) 


The paper is organized as follows: in Section 2, we present some defini- 
tions and results that will be needed later. In Section 3, we establish some 
interval oscillation criteria for the problem (1.1)-(1.2). An example to il- 
lustrate our main results is given. To the best of authors’ knowledge there 
has been no work done on the interval oscillation of conformable fractional 
impulsive partial delay differential equations. 


2. Preliminaries. In this section, we present the basic definitions and the 
basic lemma that will be used in the proof of the main results. 


Definition 2.1. A solution u of the problem (1.1)-(1.2) is a function u € 
CO (Q x [t_-1, +20), R) N C(Q x [t_-1, +00), R) that satisfies (1.1), where 


t= min {0, min {inte as, Êi := min f0, int to 
lsjsm (#20 t>0 
Definition 2.2. The solution u of the problem (1.1)-(1.2) is said to be 


oscillatory in the domain G, if it has arbitrary large zeros. Otherwise it is 
non-oscillatory. 


Definition 2.3 ({12]). Given f : [0,00) — R, the conformable fractional 
derivative of f of order a is defined by 


TPE) = lim Fett) — FO) 


e>0 € 


for all t > 0, a € (0,1]. 


If f is a-differentiable in some interval (0,a), a > 0 and lim,_,9+ f (t) 
exists, then define 


Definition 2.4. [@(f)(t) = (ttf) = f° ie) dx, where the integral is 


a 
the usual Riemann improper integral, and a € (0,1). 


Definition 2.5 ([1]). Let f be a function with n variables 71, 22,...,2n. 
The conformable partial derivative of f of order 0 < a < 1 in a; is defined 
as follows 
o2 
Bae! OL LQ,++- en) 
wt igh apelin + ELITS... En) — f(£1, £2, .., En) 
= lim . 


e>0 E 
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Conformable fractional derivatives have the following properties: 


Theorem 2.1. Let a € (0,1] and f,g be a-differentiable at some point 
t>0. Then 


(i) Talaf + bg) = aTa( f) + bTa(g) for all a,b E€ R. 
(it) Talt?) = pt?-° for allp ER. 
(iii) Ta(A) = 0 for all constant functions f(t) = À. 
(iv) Ta(fg) = fTo(g) + 9Ta( f). 

(v) Ta (£) = ee 

(vi) If f is differentiable, then Tal f)(t) = pedi 


For convenience, we introduce the following notations: 
1 
Y(t)= I u(x, t)dx, where |Q| = | dx, 
IO] Jo Q 
and 
I 
(2.1) F(t) = a F(a, t)dz. 
IO] Jo 


The following lemma will be the basic tool in proving the main results. 


Lemma 2.1. If the impulsive conformable fractional differential inequality 


Ta [r(t)g (TaY (t)))] + Do kig(t)Y (t-o) < F(t), tA te, 
i=1 


= at < VUE) cg pa O (ED) - k=1,2 
k= Y (tk) ZAK k >= TalY (th)) S OR, =1,4,... 


has no eventually positive solution, then every solution of the problem (1.1)- 
(1.2) is oscillatory in G. 


Proof. Assume that there exists a nonoscillatory solution u(x,t) of the 
problem (1.1)—(1.2) and u(x,t) > 0. By the assumptions, there exists tı > 
to > 0 such that t—o > tı and t — p; > tı for t > tı > 0, and 


u(z,t—o) >0 for (x,t— c0) € x [t1, 00), 
Hot — py) 0) for (x,t— pj) EQ x [t1, œ), j =1,2,..., mM. 


By multiplying both sides of the main equation in (1.1) by a and inte- 
grating with respect to x over the domain Q, we obtain t > tı and t Æ tk, 


66 S. H. Saker, K. Logaarasi and V. Sadhasivam 


k = 1,2,..., such that 


E hoe (preo) 


n 


1 
tpj È haed Aulet- ode 


(2.3) m 

a pa 

= a(t)— | Au(ax,t)dx + — a,(t Au(a,t — p;)dx 
Om Aedd py alo |, Aet- 

1 

From Green’s formula and boundary condition (1.2) we see that 
t 
1 Ane ids = f en 
(2.4) Q 0Q. Y 
= -f AA E 
dQ. 

and for j = 1,2,...,m, we have 


=- f pæ tulet- p;)d8 < 0, 
OQ 


where dS is the surface element on Q. Moreover by (Hı), it follows that 
for i =1,2,...,n, 


[ adlet- o)jdr > alt) f filet- o)dz 
Q Q 


(2.6) 
> halt) | uet- ade, 


In view of (2.3)—(2.6), we obtain 


Ta [r(t)g (Ta(¥(t)))] + X iV (t-o) < F(t), tA te. 
i=1 


For t > to, t = tk, k = 1,2,..., from the boundary conditions we see that 
tt ou x, tp 
aj, < ult, h) < ar, bj < = ( p) < 
u(x, tk) aa U2, tk) 


Multiplying both sides by we integrating with respect to x over the domain 
Q, and using (H5), we obtain 
Ve" 

(th) TA 
Y (tx) 
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Hence we see that Y(t) is an eventually positive solution of (2.2). This 
contradicts our assumption and complete the proof. 


3. Main Results. In this section, we establish some new interval oscil- 
lation criteria for (1.1) by using the Riccati transformation technique and 
integral average method. For simplicity, we define 


ie i nies [eera -POM et] at 


c 
I(di)—1 


+ E [U POPE ere -P OOMO] at 
k=I(&)+1 "Ék 
dı 
y% f SWOPE r) — POREM al) dt 
tr(d)) 
+ / "daien (t)w(t)ae, 


cl 


where Q(t) = X; kiqi(t) and 


oa t-o)” — (tp — 0)” 
oo a Ue = ) tE (tk, th +0), 
Mi(t) = Odak k k k k oO 
O=) Goya eg 
= as =e G t € [tk +0, teas): 


Theorem 3.1. Assume that conditions (Hı)-(He) hold. Furthermore, as- 
sume there exist cı, dı satisfying T < cı < dy, T < cg < də for any T > 0. 
; ooh eed Pl = 
(i) i s™+g (xy) ds 00: 
(ii) Assume that v(t) € Ly(ci1, dı) is such that 


(3.1) Tolen di) < Oå [v?(t)] 


for I(&) < I(di), L= 1,2, then every solution of the problem (1.1)-(1.2) is 
oscillatory. 


Proof. Assume to the contrary that u(x,t) is a non-oscillatory solution of 
(1.1)-(1.2). Without loss of generality we may assume that u(x,t) is an 
eventually positive solution of (1.1)-(1.2). Then there exists tı > to such 
that u(x,t) > 0 for t > tı. Therefore, from (2.2) it follows that 

(3.2) To [r(t)g (TaY (t)))] < F(t) -— QHY (t-o) for t € [t1, 00). 
Thus Ta (Y (t)) > 0 or Ta (Y (t)) < 0, t > tı, for some tı > to. We now 
claim that 


(3.3) Ta (Y (t))>0 for t> t. 
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Suppose not, then Ty, (Y(t)) < 0 and there exists t2 € [t1,0o) such that 
Ta (Y (t2)) < 0. Since r(t)g(Ta (Y (t))) is strictly decreasing in [t1, 00), it is 
clear that 

r(t)g (Ta(¥ (t))) < r(ta)g (La(¥ (t2))) = —e, 
where c > 0 is a constant. For t € [tg,0o), after integrating the above 
inequality from tz to t, we have 


Y(t) <¥(t) —¢ ic eg (=) ae 


t2 r(s) 
Letting t > co, we get lim: 44. Y(t) = —co. This contradiction shows that 
(3.3) holds. Define the Riccati transformation 
_ rt)g(Tol¥ (t))) 
(3.4) w(t) := Y(t : 
It follows from (2.2) that w(t) satisfies 
F(t) Y(t—c) w(t) 
Talw(t t : 
(WD) S Fey POV — Ire 


By assumption (Hg), we can choose c1, dı > to such that r(t) > 0, q(t) > 0 
for t € [c1 — o, dı] and F(t) < 0 for t € [c1 — o, d1]. From (2.2), we can easily 
see that 


(3.5) Talw(t)) < —Q(t) 


For t = tk, k = 1,2,..., we have 


PEPITA (HED) — be 
Y(t) — Qk 


Y(t-—o) w(t) 
Y(t) ôr(t)` 


(3.6) w(t) := w(tk). 

First, we consider the case when I (c1) < I(d,). In this case, all the impulsive 
moments in [|c1, dı] are t7(c,)41, t1(c,)42)-++>tr(d,)- Choose v(t) € Ly(c1, di). 
Multiplying both sides of (3.5) by v?(t) and integrating the resulting in- 
equality from cı to dı, we obtain 


tr(e1)41 tI(c1)+2 
f y(t)! ew (t)dt + / y(t) ew! (tdt +... 


C1 tr(cy)41 
dı 
+ f v?’ (Ht w (t)dt 
tr(d1) 
tI(c4)+1 2 tI(c1)+2 2 
<- f ar e Ou- f T T 
5 rO Jaaa | OTO 


wt), fira a o ¥(t—9) 
-fe OS a- f PON i 
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= fe OQ a 


tI(c1)+ Y() 
#1 (01) +2 2 Y(t = o) 
aye a, (QW 


tii a dı SN: 
= j roo ra- f roon =e 


tra )=1 +0 tr(dy) Y(t) 
Using integration by parts on the left-hand side, and noting that v(c1) = 
u(d,) = 0, we get 


I(d1) 


Ya felts) - wie] 


k=I(c1)+1 


a [uow ava : 
< l ae ve zo) dt 


I(d,)-1 


BO [Pema a 


k=I(c1) +1” Ék Yi) 


tei g Y(t-0) 
+ [. PQ | 


5a Eee) sj Sop 14\\2 
= ie NOW a+ f t2 Sr (t) (v'(t))?dt 


i f aai p OwA: 


C1 


: : Y(t- 
We consider several cases to estimate ey ) 


Case 1: For t € (tk, tk41]| C [e1,di]. If t E (tk,tk41] C [c1, di], since 
tk+1 — tk > g, we consider two subcases: 

Case 1.1: If t € [tk + 0, tk+1], then t — o € [tk,tk}1 — o] and there are no 
impulsive moments in (t — ø, t). Then, for any t € [tk + o, tk+1] we have 


tte 
Q 


Y- YEP = Tar E) ( ). E € (tr, t). 


From this, 
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We obtain 
TalY (t)) a 


< ; 
Y(t) to — #2 

Integrating it from t — ø to t, we have 

Y(t-o) _ (t-o)*-7# 

Y(t) to — #8 
Case 1.2: If t € (tk tk + 0), then t—o € (tk — 0,t,) and there is an 
impulsive moment tx in (t — ø, t). Similarly to Case 1.1, we obtain 
t% — (th — a) 
a 


Y(t) —¥ (te — 0) = Ta(¥(&)) ( ) AER 


or 
TaY (t)) a 1 
Y(t) e (th —o)® 
Integrating it from t — ø to t, we get 
Y(t—o)_ (t—oa)*— (th -—0)® 
Y (tk) ie (tk — 0) 
For any t € (tk, tk + o) we have 


(3.8) >0, tE (tk tk +o). 


Using the impulsive conditions in equation (1.1), we get 


Y (t) — akY (tk) < brTa(Y (tk)) (= = 2) 
Y(t) TalY (tk)) (= —) 
<b 


rq)" Yg a ae 
Using foe < i, we obtain 

Y(t) bk (t° — th 

Y (tz) SORE: ( a 
That is, 
(3.9) Y (tr) oa 


Y(t) ~ caay + by (t% — t2) 

From (3.8) and (3.9), we get 

Y = „á a = + 22. a 
(t-o) s oa (t —o)° — (th —@) > 0. 
Y(t) oaan + bp (te — te) tr — (tk — a) 


Case 2: If t € [c1, t7(c,)41], we consider three subcases: 
Case 2.1: If ta) > c1 —o and t € [tra) + 0, trc,)41], then t-o € 
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ltra) tI(a)+1 — a] and there are no impulsive moments in (t — ø, t). Pro- 
ceeding as in Case 1.1 and using the Mean-value Theorem on (t7(¢,), ¢7(¢,)-41]; 
we get 


Y(t—o) j (t= 0)” — the) 
Y(t) t+ — t 


C1 


>0, tE ltra) +o; traj 


Case 2.2: If tra) > c1—o and t € [c1, tra) +0), then t—0 € [c1 0, trc)) 
and there is an impulsive moment tz(a) in (t—o, t). Making a similar analysis 
as in Case 1.2, we have 
Y(t-o) - oa (t -= 0)" (bre — 3)" si 
Y(t) FAAT e) bra (E% thea) tha) T Era) a). 

tE (c1, tr(e1) +o). 
Case 2.3: If tra) < c — øg, then for any t € [e1,t7(c,)41], t= 0 € [aa — 
o, tI(a)+1 — g] and there are no impulsive moments in (t — ¢,t). Working 
as in Case 1.1, we get 

Y(t _ o) = (t Zz a)“ m tia) 

Y(t) te 


>0, bE [e traj] 


Case 3: For t € (t7(¢,),; di] we consider three subcases: 
Case 3.1: If tya) +o < di and t € [ty(a,) +0, di], then t—o € [ty(a,), di —0] 
and there are no impulsive moments in (t — o,t). Using a similar analysis 
as in Case 2.1, we have 
Yanz (= 0)“ — tha) 
Y(t) eee 
Case 3.2: If tra) +o < dı and t E ftra) tra) + 7), then t-o € 
ltra) — 7; tr(a,)) and there is an impulsive moment t7(q,) in (t—,¢). Using 
a similar analysis as in Case 2.2, we obtain 
FUSAN oa (t — o)* — (tra) — 7)° 
Y(t) TAAI) + bray) (t* — tha)) tia) — (trai) — oa) 
Case 3.3: If tra) + o = di, then for any t € (ty(q,),di] we get t — o € 
(tia) — 7, dı — o] and there is an impulsive moment tz(a) in (t — o, t). 
Proceeding as in Case 3.2, we get 
EG 0) oo Go)" = (tra) SO) 
Y(t) © caara) + brat- tha) ta) tra) o). 


Combining all these cases, we have 


>0, tE ltra) +a, di]. 


>0 


>0 


Miiat) for t € [e1, t7(e1) 41]; 
> 4 M} (t) for t € (tk tei], k =I(&a)+1,...,I(d1)— 1, 
Ta) (t) for t € (tra )+1; d1]. 


Y(t—o) 
Y (t) 
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Hence, and since r(t)g(Ta(Y (t))) is non-increasing in (¢1,t7(¢,)41], by (3-7) 
we have 


I(d1) 
DO (te) [w(te) - wtf] 
k=I(c1)+1 
PATS ys psy, 2 1 
< / lw (t))?t2-2°6r(t) — v HREM l) dt 
SE Pie, 
(3.10) res f [(v! (t))?#2-225r(t) — v2(#)Q(t) ME (t)] dt 


k=I(c1)+1° k 


dı 
+f [ee Srle) — POUM aO] dt 


tr(ay) 


dı 
$ i E O 


c1 


Thus 
te Cc 
V(t) > YO- Yle) = Tal) (==) 
r(t)(Ta(Y (t))) (= = ) 
; E (C1,t 

r(€2) a Ean 

Letting t > tci) 4p it follows that 
r 
(3.11) w(tra)) < z — # 
I(c1)+1 1 


Similarly, we can prove that on (t,_1, ty], k = I(c1) + 2,..., I (dh), 


(3.12) w(tk) < s. 
tk — Ue 
Hence, from (3.11) and (3.12), we have 
I(d1) =e 
D eieo) [A] 
k=I(c1)+1 k 
>a Area brea 1 
(3.13) > ri [vltra tre - - 
(ex) +1" (er) +1 @1(c,)41 tea) ~ CT 
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Thus we have 
I(d1) 


XO (tati w(t) e > 7,0" v? (t). 


k=I(c1)+1 


Therefore, using (3.10), we get 


[OP [sewer -POM O] at 


C1 


Idi) tay, 
+ D SO BOPE — Fr HAHMeE)] at 
k=I(c1)+1° tk 
dy 
m f [E ere) — PEHMO] dt 
trdi) 
+ [ro = a)t~“v(t)w(t)dt > ro% [v?(t)], 


C1 
which contradicts (3.1). If I(c1) = I(d1) then r1 0% [v?(t)] = 0 and there 
are no impulsive moments in [c1, dı]. Similarly to the proof of (3.10), we 
obtain 


i Ps [6 (v(t) r(t) — v? REMi (t) + v?(t)(1 — a)t wlt)| dt > 0. 


c 
This again contradicts our assumption. Finally, if u(x, t) is eventually nega- 
tive, we can consider [c2, d2] instead of |c1, dı] and get a contradiction. The 
proof is complete. 


Next, we establish new oscillation criteria for (1.1)—-(1.2) by using the 
integral average method used in [21] for ordinary differential equations. Let 
D = {(t,s) : to < s < t}, then the functions Hı, Hz € C(D,R) are said to 
belong to the class H if 

(H7) Hi(t,t) = Ho(t,t) = 0, Hı (t, s) > 0, Hə(t, s) > 0 for t > s and 

(Hg) Hı and Hə have partial derivatives 2 and 2 on D such that 


OH OH: 
os = hı (t, s)Ai(t,s), ai = —ha(t, s)H2(t, 5) 
where hy, hg € Ligce(D, R). 


We put 


tr (c))+1 i 
Ti = k Hi (t, 1) Q(t) Mj,.,)(t)dt 


tk+1 Al 
+ S5 f H(t a)QHMLEdt+ | H(t, )QH) Mia (Oat 


k=I(c&)+1" Ék tra 
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Al w 
+ H(t, c) Ea — hae c) = (1 = a)t | w(t)dt 


and 


TIA +1 i 
Tor = T Ho(di, t)Q)Miao Hdt 


E 2 f mangoo a 


+ Hə(dı, t) WU). + t-“ho(d;, t) — (1 — a)t™® | w(t)dt. 
ôr (t) 

Theorem 3.2. Assume that conditions (H,)-(H¢) hold. Furthermore, as- 
sume that there exist cı, dı satisfying with c1 < àı < dy < c&2 < Ag < dg. If 
there exists Hı, Hz € H such that (H7), (Hs) hold and 


1 1 

3.14 Ty44 r21 > A(Ay, Ho; c1, di), 
( ) HOA) 1,1 Baga 2,1 (Hı, H2; c, di) 
where 

A(Hı, Hə; c4, di) 
(3.15) — teed 

ENEN ee ae R Hy(- At ; 

PACU cd. 1( ,cı)] F Hə(dı, `i) oval 2(dı, )] , 


then every solution of (1.1)-(1.2) is oscillatory. 


Proof. Suppose to the contrary that there is a non-oscillatory solution 
u(x,t) of the problem (1.1)-(1.2). Notice that whether or not there are 
impulsive moments in [|c1, A1] and [à1, d1], we should consider the following 
cases I(c1) < I(A1) < I(di), I(e1) = T(A1) < Idi), I(e1) < L(A1) = Idi) 
and I(c1) = I(à1) = 1 (di): 

Moreover, the impulsive moments of Y(t — o) involve the following two 
cases: tra) +o > Ay and trap +a < à. Consider the case I(c1) < 
I(à1) < I(di), with tran +o > A. For this case, the impulsive moments 
are t7(y,)415 tr(a,)+2>--+> tra) in [A1, di]. Multiplying both sides of (3.5) 
by Ai (t,c1) and integrating from cı to \1, we obtain 

Mt M1 
A(te)Talw()at <— f meag 2 
c1 C1 Y(t) 
Mi w2 (t) 
ae 


dt 
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Applying integration by parts on the R.H.S of first integral we get, 


` ag 
Hila) Qa at 
AL w 
(3.16) + L Ga ~ Aha en) = (1 — aj?) w(t) (t, cı)dt 
T(A1) 
<- D Ay (te, cit, * [w(te) — w(tt)| — Hi (A1, 1) Ay w(1)- 
k=I(c1)+1 


As in the proof of Theorem 3.1, we divide the interval [c;, A;] into several 
parts and calculate the estimation of Y(t — o )/Y (t), to obtain 


AL = tr cey)+1 
miea vas | O e ROM (tt 
Wa chad 
(3.17) +> Hı (t, c1) Q(t) Mg (t)dt 
k=I(e1)41° 
M1 
F Hi (t, er) Q(t) Mio (t)dt. 


trai) 


From (3.16) and (3.17), we obtain 


tI(c1)+1 i 
i Hy(t, cr) Q(t)M4,,, (tat 


C1 

IAD-I ates 

+ 5 Hı (ty, 1) Q(t) My (t)dt 
k=I(c1) 41° 

M1 

(3.18) + Ay (t, er) Q(t) My, (that 


trai) 


k | o -aht a) — (1- ayes] ee 


2% a 
` Hı (tk, aJt} ® E e] w(tk) — Hi (1, a )A wA). 
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On the other hand, multiplying both sides of (3.5) by Hə(d1, t), integrat- 
ing from A, to dı and following a similar procedure as above, we get 


tr(\4)41 j 
f H(d1,t)Q)M] a )(t)at 


1 


Cs ae 
+ > (dj, th) Q(t) Mg (t)dt 
k=I(\1)+1 7 
dı 
(3.19) + ; Ho(d1, t)Q)M ia, (t)at 
I(d,) 


aC ee B 
f Ee t= ho(di, t) — (1 — a)t | vO at 


I(d1) 


=; = 
<- Ss H2(d1, tk) | w(tr) + Hə(d;, ADA w(A1). 
k=1(A1)+1 k 


Dividing (3.18) and (3.19) by Hı(àı, c1) and He(d1,A1), respectively and 
summing the resulting inequalities, we get 


1 
AA ; Hə(dı, a 
A ak — bk 
(3.20) <- aeea A | T | w(t) 
1 ay ak — bk 
Taaa a ee) | 


Using a similar method as in (3.12), we obtain 


I(A1) 


—b 

- Ð mie) [E] wt s -noX e] 
k=I(c1)+1 

(3.21) a 


—b 
= X Ho(dj, ty) k e] w(tk) < —r0%! [H2(dj, -)]. 
k=11)+1 k 


From (3.20) and (3.21), we obtain 
1 1 
Tiid Do1 < -I ONAC, O% [H>(d1,- 
My(1,c1:) | He(di,\1) T {r a e1)] + 7194, [Hala Jl} 
< ACM, H2; ci, di), 
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which is a contradiction to condition (3.14). In the case when u(x,t) < 0, 
we take the interval [c2, d2] instead of the interval [c1, d1] and proceeding as 
in the proof of this case, we get a contradiction. The proof is complete. 


In the following, we present an example to illustrate the results. 


Example 1. Consider the following impulsive partial differential equation 


oz (az m T 3m T 
PR (Ze) +5u(mt-3) + gulet) 


2t ot 
= z Aula, t)+ 3 Au(a,t —n)+ F(zx,t), 
(3.22) t#knt S t> to, 
1 
ulz, t) = 5 ule tk), 
1 1 
02 3 02 
= u(x, ti) == a ultr] kS Oe nc 
ðt? 2 ate 


for (x,t) € (0,7) x R+, with the boundary condition 


uz(0,t) + u(0,t) = u(n, t) + ulm, t) =0, t dhe to, k=1,2,.... 


Here a = 5, r(t) = 4, q(t) = m/4, u(t) = 3m/4, m > 0 is a positive 
constant, f(u) = fi(u) = glu) = 2u, 


ase oh T 1 
F(x, t) = 2me sin (t- 7) +7 cost ‘ 


ak = 1/2, by = 3/2. Let o = §, teri — tk = 5 > J. Also, for any T > 0 
we choose k large enough such that T < cı = 4kr — 5 < dı = 4kr and 
cg = 4ka + 3 < d2 = 4kr + 5, k = 1,2,.... Then there is an impulsive 
movement t = 4k — 7 in [c1, dı] and an impulsive moment tx41 = Akn +7 
in [cg, d2]. For € = e1 = 1/2 we have Q(t) = m/2, and we take v(t) = sin 4t, 
tra) = 4ka— m tr(a,) = 4kn—ī. Then by simple calculation, the left-hand 
side of equation (3.1) becomes the following: 


J ae [EEPE Pr (t) = v*(HQU)MI elt) dt 


Cl 


Tdi)-1 pty yy 
+ > [E (0)? ert) — (HOW MLO] at 
k=I(c)) 41° Ék 
dı 
as f [o 6r) — QO Mi aO] dt 
tr(a)) 
n / "l a) 202(t)e(t)dt 


Cl 
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1 £ 
4kn—4 — 2)2_ (Ak Tr) 3 
<f , tiers ait) (on i ) dt 
4kr-5 2 t2 — (4kr _ Tr) 2 
1 1]= 
4kr- Z z E Akn — F l 
+f : E e = Ś 3 ) 
Akn— 7 32 + 9 
ab 1 
— 7)2 _ (Akg — 3")2 
. (t-53) : (4kr -3 : dt 
(4kr 7)? (4kr an) 2 
1. 1 
Aka mec eee 4 a VS 
+f 16t cos? 4t — =m sin? 4t (t 5) ( al 4) dt 
Akn— t2 — (4ka — F)? 
1 Aka 
ames f t~! sin? 4t cot tdt 
2 4kr-5 


œ 148.099 — m 0.26613. 

Since I(c1) = k — 1, I(d1) = k, rı = 2, we have 
Ar(c)41 — bI(c)+1 
aro the) =c 
Note that condition (3.1) is satisfied in [c1, dı] if 

148.0775 < m 0.26613 


and we can choose the constant m very large enough so that (3.22) holds. 
Therefore, condition (3.1) is satisfied in [c1, d1]. We can work similarly for 
t € [c2,d2]. Hence, by Theorem 3.1, every solution of (3.22) is oscillatory. 
In fact, u(x,t) = e7” sint is one of such solutions. 


ro% [u (t)] =2 } sin” (4t7(c,) 41) 
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